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Abstract
A covariantly constant dynamical two-form is exploited on a D3-brane to obtain its gravity
dual action, governing an S3 deformed AdS5 black hole, in a type IIB string theory on S
1×K3. We
invoke the Kaluza-Klein compactification to work out the open/closed string duality. Interestingly,
the Reissner-Nordstrom black hole is obtained on the “non-Riemannian” braneworld.
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1 Introduction
In General Theory of Relativity (GTR), the space-time curvatures are based on the intrinsic notion
of geometry, by incorporating a nontrivial metric tensor on a (Riemannian) manifold. The fact that
the space-time curvatures are governed by the nonlinear matter field, enforces hidden gravity/gauge
duality in Einstein’s formulation. The duality becomes evident in presence of a fifth dimension, i.e.
in Kaluza-Klein gravity theory. Importantly, the duality takes a precise form in AdS gravity and is
established as a familiar bulk/boundary or AdS/CFT correspondence [1] in string theory.
In the context, non-perturbative Dirichlet (D-) branes [2] are believed to enlighten the aspects of
geometry/matter duality coded in Einstein’s formulation. In fact, the nonlinear U(1) gauge dynam-
ics established on a D-brane [3] is indeed remarkable. Along with the higher derivative corrections,
the nonlinear gauge sector is believed to govern the space-time curvature. Most importantly, the
underlying duality has been considerably explored through the success of 5D Anti de Sitter (AdS5)
gravity and D3-brane gauge theory correspondence established in string theory. Interestingly, the
non-commutative open string (NCOS) [4] leading to a deformed D-braneworld, its gravity correspon-
dence [5] and various (non-linear) charged D3-braneworld black holes [6]-[10] are established in the
recent years.
In the paper, we attempt to formalize the nonlinear U(1) gauge dynamics on a D3-brane in terms
of its geometric dual in a string theory. We explore a D3-braneworld in a plausible fundamental open
string formulation and obtain a closed string dual of the D3-braneworld, i.e. a curved D3-braneworld
in 5D. We consider a covariantly constant dynamical two-form to incorporate new connections,
i.e. a torsion, which in turn lead to an unique modified covariant derivative on the curved D3-
braneworld. Our starting point is a flat D3-brane, which is known to govern the gravity decoupling
limit E → Ec = g2piα′ in an open string theory. We revisit the decoupling limit as a cancellation
of torsion arising from the zeroth order term in B-field to that of all higher orders, keeping the
geometrical notion of Einstein’s formulation. In fact, an asymptotic D3-brane may be thought of as
a transition world-volume connecting the underlying NCOS and a fundamental open string theory.
As a result, the D3-braneworld in the classical regime, i.e. g → 0 and α′ → 0, may be seen to be
described by the nontrivial generic curvatures underlying a (modified) open string theory.
2 Two-form as a source of gravity
2.1 New Connections
The covariantly constant dynamical Bµν source implies that non-trivial connections Γµνλ do ex-
ist on the D3-braneworld. Since Einstein’s gravity decouples, the generic curvature on a curved
D3-braneworld may be seen to be governed by the “non-Riemannian” geometries. The vanishing
field strength for the dynamical matter introduces the notion of new geometries on the braneworld.
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underlying a modified open string theory. Formally, the field strength may be expressed as
Hµνλ =
(DµBνλ + F¯µνAλ)+ cyclic (in µ, ν, λ) , (1)
where the U(1) field strength F¯µν = (2piα
′)Fµν . The covariant derivative Dµ takes into account
a non-dynamical metric gµν and a dynamical two-form Bµν and Dλgµν = 0. We rewrite the new
connection as
Γµνλ = Γ
(0)
µνλ − Γ(h)µνλ +
(
F¯µνAλ + cyclic
)
, (2)
where Γ
(0)
µνλ = −12 (∂µBνλ + cyclic) and Γ
(h)
µνλ = −(ΓρµνBρλ + cyclic), respectively, denote the zeroth
and higher orders, in two-form, defined on a D3-braneworld. The gravity decoupling limit, in the
formalism, is defined by Γ
(0)
µνλ → Γ(h)µνλ. In the low energy regime, the non-Riemannian geometry on
a 4D braneworld may be viewed in terms of two equivalent open string descriptions. They are: (i)
a matter dominated braneworld for |Γ(0)µνλ| >> |Γ(h)µνλ| and (ii) a gravity or geometric braneworld for
|Γ(h)µνλ| >> |Γ(0)µνλ|. The matter dominated braneworld precisely corresponds to the non-commutative
open string (NCOS) description [4]. On the other hand, the geometric braneworld may be seen to
govern by a (modified) fundamental open string. The underlying open string, in an Einstein gravity
decoupled braneworld, is a new phenomenon in the formalism.
2.2 Gravity and gauge curvatures
The generic gravity and gauge curvatures on the D3-braneworld may be computed from the commu-
tator of appropriate gauge covariant derivatives on it. In presence of a gauge field, the appropriate co-
variant derivative becomes Dµ = (Dµ −Aµ). A priori, the nontrivial curvatures on a D3-braneworld
with may be given by[
Dµ,Dν
]
Aλ = FνµAλ +KµνλρAρ + T ρµν DρAλ +
1
2
(
ΓρµσT
σ
νλ + Γ
σ
νλT
ρ
µσ − ΓσµλT ρνσ − ΓρνσT σµλ
)
Aρ . (3)
The non-linear U(1) field strength Fµν = Fµν + T ρµνAρ, where T ρµν = −2Γσµν is a torsion on the
braneworld. The non-Riemannian curvature tensor is precisely due to the two-form and takes an
identical form to the Riemannian-Christoffel curvature tensor Rµνλρ. It is given by
Kµνλ
ρ = ∂νΓ
ρ
µλ − ∂µΓρνλ + ΓσµλΓρνσ − ΓσνλΓρµσ . (4)
Importantly for a constant torsion, Kµνλρ → Rµνλρ. Incorporating the irreducible generic non-
Riemannian curvature tensor, we rewrite, the D3-braneworld action as
S =
1
a
∫
d4x
√−g
(
K − a
4
F 2
)
. (5)
A priori, simple looking braneworld may be seen to be governed by the intrinsically coupled gravity
and gauge curvatures from the Bµν and Aµ equations of motion. They are, respectively, given by
∂λΓ
λµν − 1
2
(
gαβ∂λ gαβ
)
Γλµν = 0
and a
(
∇λF λµ
)
− 6FλνΓλνµ + 12∇λ
(
Γ
λµνAν
)
= 0. (6)
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2.3 Reissner-Nordstrom vacua on braneworld
In this section, we address a non-Riemannian formulation leading to Reissner-Nordstrom black hole
geometry on the D3-braneworld. The anstaz for a two-form and a gauge field leading to a charged
black hole may be given by B0φ = −M cos θ and A0 = Qe/r, whereM and Qe are constants and shall
be identified with the mass and the electric charge. The gauge choice leads to a nontrivial connection
Γ0θφ =
M
2 sin θ and an extremal charged black hole geometry may be seen to emerge through an
effective metric Gµν = gµν − Bµλgλρgρν description in an open string theory. However, we consider
a (generalized) geodesic expansion for the effective metric components G00 = G
rr, around an S2-
symmetric vacua, in a non-relativistic limit. The G00 component of the effective metric may be
obtained from a geodesic expansion represented by the derivative corrections of gauge potentials of
increasing rank in each term. It is given by G00 = (g00+h
(0)
00 +h
(1)
00 +h
(2)
00 + . . .). The nontrivial scalar
quantities in 2nd, 3rd and 4th terms are essentially the distinct contributions, respectively, out of the
scalar, vector and two-form fields. To avoid an ambiguous form of h
(2)
00 , we rather consider a Poincare
dual of B-field, i.e. an axion field χ(x) as a source of Newtonian potential on the braneworld. The
axion and gauge gravitational potentials are, respectively, worked out to yield h
(0)
00 = −2M/r and
h
(1)
00 = Q
2
e/r
2. The axion source on the D3-braneworld leads to an electric charged black hole which in
turn may be viewed in terms of both the charges (Q2 = Q2e+Q
2
m) in a boosted coordinate system. In
the case, the “non-Riemannian”D3-braneworld may be seen to describe a typical Reissner-Nordstrom
black hole geometry known in Riemannian geometry. The nontrivial vacua common to two distinct
tensor formulations of gravity in string theory is remarkable. It may provide clues to enhance our
understanding of de Sitter vacua.
3 Gravity dual D3-braneworld
The gravity and gauge curvatures on the curved D3-braneworld in 4D may be seen to have its
origin in a five dimensional gravity theory governed by a dynamical B-field in a truncated closed
string theory. A priori, one may begin with the type IIB string theory on S1 × K3. We consider
a non-dynamical metric and for simplicity, focus on constant scalars and gauge fields. The generic
the notion of closed string is maintained in 5D by the (covariantly constant) dynamical B-field in
absence of the dynamical metric on the curved braneworld. The relevant closed string action may
be given by
S =
∫
d5y
√−g˜ K˜ , (7)
where g˜µν is a constant metric in the Cartesian coordinates. An ansatz for the B-field, around a
S3-symmetric vacua, is worked out to yield
B0ψ = Brψ = r0 , Bθψ = q(cot θ sin
2 ψ) and Bψφ = q(cos θ sin
2 ψ) , (8)
3
where 0 < θ ≤ pi, 0 < ψ ≤ pi, 0 ≤ φ ≤ 2pi and (r0 and q) are are arbitrary constants. The nontrivial
connections are given by
Γθψφ =
q
2
(sin θ sin2 ψ) and Γθ0φ = Γθrφ =
(qr0)
2r2
(sin θ sin2 ψ) . (9)
Importantly, the D-braneworld tension turns out to be a significant vacuum energy density in the
effective metric description. As a result, the radial coordinate picks up an asymptotic cut-off b, the
AdS radius, in the curved D-braneworld formalism. The 5D black hole metric may be constructed
using the B-field ansatz around an AdS vacua. The AdS5 geometry may be seen to be described by
an AdS2, and a, S
2, deformed S3-symmetry in the closed string theory. It is given by
ds2 = −
(
1 +
r2
b2
− r
2
0
r2
)
dt2 +
(
1 +
r2
b2
− r
2
0
r2
)
−1
dr2 + r2
(
1 +
2f2
r4
)
dΩ23 −
B2θψ
r2
dΩ22 , (10)
where f = q(cot θ sinψ). A priori, the fundamental closed string action (7), may alternately be
viewed in an effective metric description to yield the usual Kaluza-Klein gravity in presence of a
cosmological constant. In that case, the geometry may be seen to be governed by the Schwarzschild
AdS5 black hole with S3-symmetry [11, 12]. In other words, AdS5 black hole in the B-field theory of
gravity governs an deformed S3, where as the 3D-spherical symmetry is preserved in the metric source
theory of gravity. As a result, the D3-braneworld action (7) possibly governs a generalized gravity
dynamics, which is beyond a typical 5D Kaluza-Klein gravity theory. For a constant Γθψφ 6= 0, the
conformal factor and the S3 deformation geometry become trivial in the AdS5 black hole (10). In
the case, the Reimannian notion of manifold becomes manifest and the geometry is in agreement
with the Schwrazschild AdS2 × S3 black hole obtained in the Kaluza-Klein theory.
The Kaluza-Klein compactification of the fifth dimension in the closed string theory (7), in a
static gauge, precisely reduces to the gravity dual D3-brane action (5). For instance, if ψ denotes a
compactified coordinate, the gauge potential may be worked out in 4D, from the B-field ansatz, to
yield
Aµ =
(
r0, r0, q cot θ, −q cos θ
)
. (11)
The linear electromagnetic field, in the gravity dual D3-braneworld, is a priori governed by the
radial component of the magnetic field Br = q/r
2, along with a nontrivial B-field in a Kaluza-
Klein compactified closed string theory5. It is thought provoking to understand the Kaluza-Klein
compactification in a B-field theory of gravity as a T -duality between a, fundamental, open/closed
string. It may also be understood as a (bulk) gravity/(boundary) gauge theory correspondence. In
fact, the D3-braneworld action possesses a dual notion in a type IIB string theory. They are: (i) a
5The Kaluza-Klein compactification may also be seen to yield an irreducible curvature precisely due to a generic
nonlinear U(1) gauge field in the theory.
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fundamental closed string description in 5D and (ii) a fundamental open string in 4D. The geometric
braneworld curvature in 4D essentially confirms the fundamental nature of open string there.
Interestingly, all the higher derivative corrections vanish for a self-dual electro-magnetic field [8].
As a result, the deformed AdS5 (10) in a closed string theory may be seen to reduce to an AdS4
black hole whose curvature is due to the nonlinear electric/magnetic charge (q) in an open string
theory obtained by one of the author in ref.[10].
4 Concluding remarks
The gravity dual of a D3-brane action is obtained in a type IIB string theory on S
1 × K3. The
geometrical description on the braneworld confirms a dual nature of two-form, i.e. a closed string
description in 5D and a NCOS description in 4D. The fact is reassured by its underlying deformed
AdS black holes geometries both in closed and open string theories. As a bonus, we obtain a
fundamental open string theory T -dual to a closed string theory in 5D. Our analysis leads to the
birth of a generic curvature tensor Kµνλρ which retains the properties of Riemann-Christoffel tensor
except for the symmetric property under the exchange of its pair of indices. However for a constant
torsion, the gravity dual braneworld may be seen to be described by the Riemannian geometry.
A constant two-form ansatz may be obtained for q = 0 in the gravity dual D3-braneworld at the
expense of an effective dynamical theory of gravity. It restores the S3-symmetry and describes an
AdS5 Schwarzschild black hole in a typical Kaluza-Klein gravity in presence of a cosmlogical constant.
On the other hand, the global mode of a B-field in an open string theory is known to yield the
deformation geometry [3]. In fact, it may be interesting to investigate the thermal aspects associated
with the non-commutative geometry in the curved D-braneworld along the spirit of entropic force
of gravity discussed recently [13]. It confirms that the deformation geometry, in string theory, is
intrinsic to the B-field source of gravity, which is unlike to a metric source of gravity. In other words,
the open/closed string duality in presence of B-field retains the notion of the deformation geometry.
Interestingly, the torsion does not break the S3-symmetry in the AdS5 black hole (10), rather it is
broken solely by the B-field.
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